We investigate the generalized Chevallier-Polarski-Linder (CPL) parametrization, which contains the pivoting redshift zp as an extra free parameter. We use various data combinations from cosmic microwave background (CMB), baryon acoustic oscillations (BAO), redshift space distortion (RSD), weak lensing (WL), joint light curve analysis (JLA), cosmic chronometers (CC), and we include a Gaussian prior on the Hubble constant value, in order to extract the observational constraints on various quantities. For the case of free zp we find that for all data combinations it always remains unconstrained, and there is a degeneracy with the current value of the dark energy equation of state w0. For the case where zp is fixed to specific values, and for the full data combination, we find that with increasing zp the mean value of w0 slowly moves into the phantom regime, however the cosmological constant is always allowed within 1σ confidence-level. However, the significant effect is that with increasing zp the correlations between w0 and wa change from negative to positive, with the case zp = 0.35 corresponding to no correlation. This feature indeed justifies why a non-zero pivoting redshift should be taken into account.
I. INTRODUCTION
According to observations the universe has entered a period of accelerated expansion in the recent cosmological past. In order to provide an explanation, physicists follow two main directions. The first is to maintain general relativity as the gravitational theory and introduce new, exotic fluids in the universe content, dubbed as dark energy sector [1, 2] . The second way is to modify the gravitational sector, constructing extended theories of gravity that possess general relativity as a particular limit but which in general present extra degrees of freedom, capable of describing the universe behavior [3, 4, 5, 6, 7] .
However, both approaches can be quantified by the introduction of an equation-of-state parameter for the dark energy perfect fluid (effective in the case of modified gravity), namely w x (z) = p x (z)/ρ x (z), where p x (z), ρ x (z) are respectively the pressure and the energy density. Hence, introducing various parametrizations of w x (z) allows us to describe the universe evolution in a phenomenological way, even if the microphysical origin of the cause of acceleration is unknown. Following this, a large number of parametrizations have been introduced in the last years, namely the one-parameter dark energy parametrizations [8, 9] , or the two-parameters family, such as the Chevallier-Polarski-Linder (CPL) parametrization [10, 11] , the Linear parametrization [12, 13, 14] , the Logarithmic parametrization [15] , the Jassal-Bagla-Padmanabhan parametrization (JBP) [16] , the Barboza-Alcaniz (BA) parametrization [17] , etc (see for instance [18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42] and references therein).
In most of the above dark-energy equation-of-state parametrizations one considers the "pivoting redshift" to correspond to zero, namely the point in which w x is most tightly constrained to correspond to the current universe. However, due to possible rotational correlations between the two parameters of the two-parameter models, in principle one could avoid setting the pivoting redshift to zero straightaway, and let it as a free parameter [43, 44] .
In the present work we are interested in investigating the observational constraints on the most well-known parametrization, namely the CPL one, incorporating however the pivoting redshift as an extra parameter, assuming it to be either fixed or free. A first examination towards this direction was performed in [45] , however in the present work we provide a robust analysis with the latest cosmological data. In particular, we will use data from cosmic microwave background (CMB), baryon acoustic oscillations (BAO), redshift space distortion (RSD), weak lensing (WL), joint light curve analysis (JLA), cosmic chronometers (CC), while we will include a Gaussian prior on the Hubble constant value.
The plan of the work is the following: In Section II we present the basic equations of a parametrized dark energy model at the background and perturbative levels. Section III describes the various data sets used in this work. In Section IV we perform the observational confrontation, extracting the constraints on the model parameters and on various cosmological quantities. Finally, we summarize the obtained results in Section VI.
II. DYNAMICAL DARK-ENERGY WITH PIVOTING REDSHIFT
In this section we briefly review the basic equations for a non-interacting cosmological scenario both at background and perturbative levels, and we introduce the pivoting redshift dark energy parametrization. We consider the homogeneous and isotropic FriedmannLemaître-Robertson-Walker (FLRW) line element
where a(t) is the scale factor and K = −1, +1, 0 corresponds to open, closed and flat geometry, respectively. Additionally, we consider that the universe is filled with baryons, cold dark matter, radiation, and the (effective) dark energy fluid. Hence, the evolution of the universe is determined by the Friedmann equations, which are written as
where G is the Newton's gravitational constant and H =ȧ/a is the Hubble function, with dots denoting derivatives with respect to the cosmic time t. Moreover, in the above equations we have introduced the total energy density and pressure of the universe, reading as ρ tot = ρ r +ρ b +ρ c +ρ x and p tot = p r +p b +p c +p x , with the symbols r, b, c, x corresponding to radiation, baryon, cold dark matter and dark energy fluid, respectively. In the following we focus our analysis on the spatially flat case (K = 0), which is the one favored by observations. In the case where the above sectors do not present mutual interactions, we can write the conservation equation of each fluid asρ
where w i ≡ p i /ρ i is known as the equation-of-state parameter of the i-th fluid (i ∈ {r, b, c, x}). In the case of the dark energy fluid, the solution of (4) is
where ρ x,0 is the current value of ρ x and a 0 is the present value of the scale factor which is set to unity. From expression (5) we deduce that the evolution of the dark energy component is highly dependent on the form of its equation-of-state parameter w x (a). In the simplest case where w x (a) = w 0 = const. the dark energy fluid evolves as ρ x = ρ x,0 a −3(1+w0) . Nevertheless, for dynamical w x (a) one may consider various parametrizations in terms of the scale factor or the redshift z, where 1 + z = a 0 /a = 1/a. Thus, in the literature one can find many forms of such parametrizations.
One of the well known parametrizations of the darkenergy equation-of-state parameter is the ChevallierPolarski-Linder (CPL) one, given by [10, 11] 
where w 0 is the current value of w x and w a ≡ dw x /da at a = a 0 = 1. One can see that introducing an extra parameter, expression (6) can be rewritten as
where
In the case where the extra parameter z p = 0, we obtain a p = 1, and thus we recover the standard CPL model (6) . The parameter z p is called the "pivoting redshift" with a p its corresponding scale factor, since it marks the point in which w x is most tightly constrained [43, 44] . In particular, it is known that in the above parametrization z p , and thus w p 0 , depend on the probing method, the fiducial scenario, and the imposed priors [43] . Hence, in principle one could avoid setting z p = 0 straightaway, and let it as a free parameter. Thus, w p 0 can be more precisely determined than w 0 , and actually it is indeed the most precisely determined value of w x (z). In this work we are interested in investigating the generalized CPL parametrization (7), namely incorporating the pivoting redshift as an extra parameter, assuming it to be either fixed or free.
We proceed by providing the cosmological equations at the perturbation level. In the synchronous gauge the perturbed FLRW metric reads as
where δ ij is the unperturbed and h ij the perturbed metric, and τ is the conformal time. Using the above perturbed metric one can solve the conservation equations T µν ;ν = 0. Thus, for a mode with wavenumber k the perturbed equations can be written as [46, 47, 48] 
where primes denote derivatives with respect to the conformal time, and H = a /a is the conformal Hubble factor. Additionally, δ i = δρ i /ρ i is the density perturbation for the i-th fluid, θ i ≡ ik j v j is the divergence of the i-th fluid velocity, h = h j j is the trace of the metric perturbations h ij , and σ i is the anisotropic stress of the i-th fluid.
Note that in the following we set σ i ≡ 0 for all i, since we assume zero anisotropic stress for all fluids. Finally, c 2 a,i =ṗ i /ρ i is the adiabatic speed of sound of the i-th fluid, and it is given by c 
III. OBSERVATIONAL DATA
In this section we present the various observational data set that are going to be used in order to confront dark energy parametrizations with pivoting redshift. In our analysis we incorporate the data by varying nine cosmological parameters: the baryon energy density Ω b h 2 , the cold dark matter energy density Ω c h 2 , the ratio between the sound horizon and the angular diameter distance at decoupling Θ s , the reionization optical depth τ , the spectral index of the scalar perturbations n S , the amplitude of the primordial power spectrum A S , the two parameters of the CPL parametrization w 0 and w a and the pivot z p . Furthermore, we explore all parameters within the range of the conservative flat priors shown in Table I . Let us now present in detail the data sets that we will use.
• Cosmic microwave background (CMB): We constrain the parameters by analyzing the full range of the 2015 Planck temperature and polarization power spectra (2 ≤ ≤ 2500) [49, 50] . This dataset is identified as the Planck TTTEEE+lowTEB. At the time of writing only the Planck 2015 likelihood was publicly available, however we do not expect the conclusions of this paper to change significantly given the similarities between Planck 2015 and Planck 2018 results [51, 52] .
• Baryon acoustic oscillations (BAO): We consider the baryon acoustic oscillations as was done in [53] . They are the 6dF Galaxy Survey (6dFGS) measurement at z eff = 0.106 [54] , the Main Galaxy Sample of Data Release 7 of Sloan Digital Sky Survey (SDSS-MGS) at z eff = 0.15 [55] , and the CMASS and LOWZ samples from the Data Release 12 (DR12) of the Baryon Oscillation Spectroscopic Survey (BOSS) at z eff = 0.57 and at z eff = 0.32 [56] .
• Redshift space distortion (RSD): We add two redshift space distortion data. In particular, we include the data from CMASS and LowZ galaxy samples. The CMASS sample consists of 777202 galaxies having the effective redshift of z eff = 0.57 [57] , whereas the LOWZ sample consists of 361762 galaxies having an effective redshift of z eff = 0.32 [57] .
• Weak lensing (WL): We include the cosmic shear data from the Canada−France−Hawaii Telescope Lensing Survey (CFHTLenS) [58, 59, 60] .
• Joint light curve analysis (JLA): We consider the joint light curve analysis sample [61] consisting of 740 luminosity distance measurements of Supernovae Type Ia data in the redshift interval z ∈ [0.01, 1.30].
• Cosmic chronometers (CC): We add the thirty measurements of the cosmic chronometers in the redshift interval 0 < z < 2. The CC data have been summarized in [62] .
• We include a Gaussian prior on the Hubble constant value from Riess et al. [63] In order to incorporate statistically the several combinations of datasets and extract the observational constraints, we use our modified version of the publicly available Monte-Carlo Markov Chain package Cosmomc [64] , which is an efficient Monte Carlo algorithm equipped with a convergence diagnostic based on the Gelman and Rubin statistic [65] . It implements an efficient sampling of the posterior distribution using the fast/slow parameter decorrelations [66] and additionally it includes the support for the Planck data release 2015 Likelihood Code [50] 1 . (7), in the case where the pivoting redshift zp is handled as a free parameter, using various combinations of the observational data sets. Here, CBR = CMB+BAO+RSD, CBH = CMB+BAO+HST, and CBRWJCH = CMB+BAO+RSD+WL+JLA+CC+HST. The 68% and 95% CL 2-dimensional (2D) contour plots for several combinations of various quantities and using various combinations of the observational data sets, for the generalized CPL parametrization (7) in the case where the pivoting redshift zp is handled as a free parameter, and the corresponding 1-dimensional (1D) marginalized posterior distributions. 68% and 95% CL contour plots in the w0 − zp plane using various combinations of the observational data sets, for the generalized CPL parametrization (7) in the case where the pivoting redshift zp is handled as a free parameter.
Parameters

IV. OBSERVATIONAL CONSTRAINTS
In this section we provide the observational constraints on the generalized CPL parametrization with pivoting redshift. We consider two separate cosmological scenarios, namely one where the pivoting redshift is handled as a free parameter, and one where we fix the pivoting redshift to specific values in the region z p ∈ [0, 1]. Moreover, in order to acquire a complete picture of the behavior of the scenario, we consider different combinations of the observational datasets described above.
A. Pivoting redshift as a free parameter
We desire to impose observational constraints on the generalized CPL parametrization (7), handling the pivoting redshift z p as a free parameter. The results of the analysis can be seen in Table II , where we display the 68% (1σ) confidence level (CL) constraints for various quantities, while the full contour plots are presented in For the case where only CMB data are used, the Hubble constant value H 0 at present increases and its error bars are strikingly large (H 0 = 83 +14 −8 at 68% CL). Moreover, the present value of the dark-energy equation-ofstate parameter is found to lie deeply in the phantom region, with w 0 < −1.3 at 68% CL.
When the BAO and RSD data are added to CMB (shown in Table II as the CBR combination), H 0 decreases (H 0 = 64.7 +1.5 −1.7 at 68% CL) as well as its error bar, while he matter density increases significantly (Ω m0 = 0.340 ± 0.017 (at 68% CL). Additionally, in this data combination we obtain changes into the dark energy constraints. In particular, although the mean value of the current dark energy equation-of-state parameter is in the phantom regime (w 0 = −1.33
+0.35
−0.31 ) at 68% CL, the quintessence regime is allowed too, in contrast to the constraints from CMB only.
When the BAO and the HST data are added to CMB (i.e. the combined analysis CMB+BAO+HST called CBH in (7), in the case where the pivoting redshift is fixed at zp = 0.05, using various combinations of the observational data sets. Here, CBR = CMB+BAO+RSD, CBH = CMB+BAO+HST, and CBRWJCH = CMB+BAO+RSD+WL+JLA+CC+HST. The 68% and 95% CL 2D contour plots for several combinations of various quantities and using various combinations of the observational data sets, for the generalized CPL parametrization (7) in the case where the pivoting redshift is fixed at zp = 0.05, and the corresponding 1D marginalized posterior distributions.
again. Concerning w 0 we also see that a phantom mean value is favored, nevertheless the quintessence regime is allowed within 1σ. In addition, the parameter w a increases significantly in comparison to its CMB and CMB+BAO+RSD constraints. However, as can be seen in Fig. 1 , note that the contour plots of the combination of CMB+BAO+RSD data (green contours) are in tension with CMB+BAO+HST ones (red contours). (7), in the case where the pivoting redshift is fixed at zp = 0.15, using various combinations of the observational data sets. Here, CBR = CMB+BAO+RSD, CBH = CMB+BAO+HST, and CBRWJCH = CMB+BAO+RSD+WL+JLA+CC+HST. The 68% and 95% CL 2D contour plots for several combinations of various quantities and using various combinations of the observational data sets, for the generalized CPL parametrization (7) in the case where the pivoting redshift is fixed at zp = 0.15, and the corresponding 1D marginalized posterior distributions.
Finally, for the full analysis with all data sets (i.e. CMB+BAO+RSD+WL+JLA+CC+HST named collectively as CBRWJCH), summarized in the last column of Table II , we find that the error bars on H 0 decrease compared to the other three analyses. Furthermore, the value of w 0 is in agreement with the cosmological constant within 1σ, which can also be seen in Fig. 1 .
As we observe, for all combinations of data used, the pivoting redshift remains unconstrained in the range [0, 5], since z p remains uncorrelated with most of the cosmological parameters, with the exception of the current dark-energy equation of state w 0 . In order to provide the latter behavior in a clearer way in Fig. 2 we present the corresponding contour plots in the w 0 − z p plane. Hence, it is of great importance to examine the cosmological constraints on the generalized CPL model, handling z p as a fixed parameter, but still with a value different than z p = 0 which is its standard CPL value. This is performed in the next subsection.
B. Fixed pivoting redshifts
In this subsection we proceed to the investigation of the generalized CPL parametrization (7) We begin our analysis choosing a very small value z p = 0.05 and we perform the observational fittings considering several data combinations. The results are summarized in Table III and the 68% and 95% CL contour plots are displayed in Fig. 3 .
In the case where we use the CMB data only, the current Hubble constant acquires a large value H 0 = 81
(at 68% CL), with significantly large error bars. Concerning the current value of the dark-energy equation-of-state parameter w 0 , its mean value lies in the phantom regime (w 0 = −1.28
−0.44 at 68% CL), nevertheless it is consistent with the cosmological constant within one standard deviation.
In the case where we include BAO and RSD to CMB data (this combination is named as CBR in Table III) we obtain lower H 0 values (H 0 = 65.0 +1.7 −1.9 at 68% CL) and its error bars are significantly reduced. Moreover, w 0 lies in the quintessence regime in more than 1σ (w 0 = −0.68
−0.19 at 68% CL), however w a appears to be different from zero at more than one standard deviation (w a = −1.10 +0.70 −0.92 at 68% CL), due to its strong anti-correlation with w 0 . Finally, for this data combination the matter density parameter at present is rather large (Ω m0 = 0.337 +0.019 −0.020 at 68% CL) compared to the Planck 2015 results [67] .
On the other hand, including BAO and HST to CMB data (this combination is denoted as CBH in Table  III ) H 0 decreases with respect to the sole CMB case (H 0 = 70.0 +2.0 −1.7 at 68% CL), but it acquires a higher value with respect to the dataset CBR, in a similar way to what we observed in the free z p analysis presented in section IV A. Additionally, w 0 is in agreement with the cosmological constant value at 68% CL, and similarly, the parameters w 0 , w a , and Ω m0 are in better agreement with the Planck 2015 findings comparing to the previous data combination CBR above.
Finally, the full combined analysis CMB+BAO+RSD+WL+JLA+CC+HST produces stronger constraints on the parameters, and the results are in significantly better agreement with ΛCDM cosmology. Concerning the dark-energy equation-ofstate parameter we obtain w 0 = −1.001 We proceed to the case where the pivot redshift is fixed to a slightly larger value, namely z p = 0.15. The results of the observational confrontation for various datasets are summarized in Table IV , and the 68% and 95% CL contour plots are presented in Fig. 4 .
For the case of CMB data only the increased z p , comparing to the analysis of the previous paragraph, leads to smaller H 0 values (H 0 = 78 +10 −15 at 68% CL). On the other hand, w 0 and Ω m0 increase in comparison to the previous, z p = 0.05, analysis.
In the combined analysis CMB+BAO+RSD we also see that w 0 is slightly shifted towards the cosmological constant comparing to the z p = 0.05 case. Furthermore, for the last two combinations of datasets, namely, CMB+BAO+HST (CBH in Table IV ) and the full CMB+BAO+RSD+WL+JLA+CC+HST (CBRWJCH in Table IV ) we find that the observational constraints are very similar to those obtained for the case with z p = 0.05.
Pivoting redshift zp = 0.25
We fix the pivoting redshift to z p = 0.25 and in Table V we summarize the fitting results, while in Fig. 5 we present the corresponding 68% and 95% CL contour plots.
For the case of CMB data only, H 0 is very similar to that obtained for the analysis with z p = 0.05. However, w 0 < −1 at more than 68% CL, while in the previous analyses with z p = 0.05 and z p = 0.15 we had found w 0 > −1 at 1σ. Additionally, concerning w a we observe that its mean value lies in the middle between the value obtained for z p = 0.05 and z p = 0.15. (7), in the case where the pivoting redshift is fixed at zp = 0.25, using various combinations of the observational data sets. Here, CBR = CMB+BAO+RSD, CBH = CMB+BAO+HST, and CBRWJCH = CMB+BAO+RSD+WL+JLA+CC+HST. The 68% and 95% CL 2D contour plots for several combinations of various quantities and using various combinations of the observational data sets, for the generalized CPL parametrization (7) in the case where the pivoting redshift is fixed at zp = 0.25, and the corresponding 1D marginalized posterior distributions.
When we add external data sets to CMB we find significant improvements in the estimations of the Hubble parameter, and its error bars are one order of magnitude smaller. The pattern of the analysis for the combined dataset CMB+BAO+RSD remains the same as the previous two analyses with the pivoting redshifts z p = 0.05 and z p = 0.15. In fact, w 0 is in the quintessential regime at more than one standard deviation, and the matter (7), in the case where the pivoting redshift is fixed at zp = 0.35, using various combinations of the observational data sets. Here, CBR = CMB+BAO+RSD, CBH = CMB+BAO+HST, and CBRWJCH = CMB+BAO+RSD+WL+JLA+CC+HST. The 68% and 95% CL 2D contour plots for several combinations of various quantities and using various combinations of the observational data sets, for the generalized CPL parametrization (7) in the case where the pivoting redshift is fixed at zp = 0.35, and the corresponding 1D marginalized posterior distributions.
density parameter shifts towards higher values. A significant improvement appears when we consider the two combinations of data sets, namely, CMB+BAO+HST and CMB+BAO+RSD+WL+JLA+CC+HST, where the various quantities exhibit similar trends with the previous two fixed pivoting redshifts. We mention that the two key parameters of the dark energy parametrization, namely w 0 and w a , are now in perfect agreement with (7), in the case where the pivoting redshift is fixed at zp = 0.5, using various combinations of the observational data sets. Here, CBR = CMB+BAO+RSD, CBH = CMB+BAO+HST, and CBRWJCH = CMB+BAO+RSD+WL+JLA+CC+HST. The 68% and 95% CL 2D contour plots for several combinations of various quantities and using various combinations of the observational data sets, for the generalized CPL parametrization (7) in the case where the pivoting redshift is fixed at zp = 0.5, and the corresponding 1D marginalized posterior distributions.
the cosmological constant. (7), in the case where the pivoting redshift is fixed at zp = 1, using various combinations of the observational data sets. Here, CBR = CMB+BAO+RSD, CBH = CMB+BAO+HST, and CBRWJCH = CMB+BAO+RSD+WL+JLA+CC+HST. 
The 68% and 95% CL 2D contour plots for several combinations of various quantities and using various combinations of the observational data sets, for the generalized CPL parametrization (7) in the case where the pivoting redshift is fixed at zp = 1, and the corresponding 1D marginalized posterior distributions.
4. Pivoting redshift zp = 0. 35 We now consider a slightly higher pivot redshift value, namely z p = 0.35, and we summarize the fitting results in Table VI , while in Fig. 6 we show the corresponding 68% and 95% CL contour plots.
The observational pattern for this parametrization is the same as the previous cases. We find that the CMB data only constrain w 0 < −1 at more than 68% CL, and we recover the cosmological constant scenario as soon as we add more external datasets to CMB. In this case, it appears an indication for w 0 < −1 at one standard deviation also for the CMB+BAO+HST case. Moreover, the results with the full combination of datasets are very stable and robust towards changing the fixed pivot redshift.
5. Pivoting redshift zp = 0.5
For the case z p = 0.50, we summarize the fitting results in Table VII and in Fig. 7 we present the corresponding 68% and 95% CL contour plots. As we see, the constraints on the parameters are very similar to the case z p = 0.35. In particular, we have the preference for a phantom regime at one standard deviation for the CMB and the CMB+BAO+HST cases, while on the other hand for the combinations CMB+BAO+RSD and CMB+BAO+RSD+WL+JLA+CC+HST the parametrization is in agreement with the cosmological constant.
Pivoting redshift zp = 1
Finally, we consider the last fixed pivoting redshift in this series, namely z p = 1. In Table VIII we summarize the fitting results while in Fig. 8 we depict the corresponding 68% and 95% CL contour plots. The overall results are similar with respect to the previous fixed pivot redshift cases, however one can clearly see that for CMB+BAO+RSD data sets w 0 has a mean value in the phantom regime (w 0 = −1.13 +0.21 −0.11 at 68% CL). Therefore, with the increment of the pivoting redshift we find a successive change in the estimation of w 0 . One can further notice that for the CMB data only w 0 < −1 is always favored, but all the other combinations of data recover the cosmological constant within 68% CL.
V. STATISTICAL COMPARISON OF ALL PARAMETRIZATIONS
In this section we proceed to a comparison of the various generalized CPL parametrizations, with and without the pivoting redshift. Hence, for completeness we perform a similar observational confrontation with the previous section for the standard CPL parametrization, namely without pivoting redshift (i.e. z p = 0), and we summarize the results in Table IX. 2.0 1.6 1.2 0.8 0.4 0.0 on the free parameters, however, we observe that the addition of any external datasets leads to a refinement of the constraints by reducing their error bars in a significant way. Furthermore, we find that the CMB+BAO+RSD combination returns slightly different constraints compared to the remaining two datasets, nevertheless for this combination we find an interesting pattern in the w 0 parameter, where we observe that with increasing z p , w 0 eventually approaches towards the cosmological constant value and finally for large z p (z p = 1) it crosses the −1 boundary. Concerning the remaining two datasets, namely CMB+BAO+HST and CMB+BAO+RSD+WL+JLA+CC+HST, we find that the cosmological constraints are similar, with the best constraints definitely achieved for the final combination. Thus, in this section we focus on the observational datasets CMB+BAO+RSD and CMB+BAO+RSD+WL+JLA+CC+HST, in order to provide a statistical comparison between the cosmological models for free and fixed pivoting redshift z p .
In order to proceed towards the statistical comparisons of the models, in Table X we depict the constraints on the basic model parameters for different values of z p (free and fixed). Furthermore, in Fig. 9 we present the one-dimensional marginalized posterior distributions for the free parameters. In particular, the upper part of Fig. 9 corresponds to the CMB+BAO+RSD dataset, while the lower part to the full combination CMB+BAO+RSD+WL+JLA+CC+HST. From both parts of Fig. 9 we can clearly notice that all parameters present the same behavior independently of the pivoting redshift z p , apart from w 0 and w a .
Hence, in order to examine in more detail the effect of z p on w 0 ,w a , in Fig. 10 we depict the contour plots in the w 0 − w a plane for various z p , for the combinations CMB+BAO+RSD (left panel of Fig. 10 ) and CMB+BAO+RSD+WL+JLA+CC+HST (right panel of Fig. 10 ).
As we observe in Fig. 10 for both datasets, by changing the values of z p the correlations between w 0 and w a change significantly. In particular, starting from a negative correlation present for z p = 0 (the original CPL parametrization), increasing the z p values leads to a rotation of the direction of the degeneracy between these two parameters. Therefore, we find a positive correlation for z p = 1, as well as in the case where z p is left free. Finally, we can identify the value of the pivoting redshift for which w 0 and w a are no more correlated, and this is approximately z p = 0.35 for both datasets (the contours corresponding to z p = 0.35 (yellow) are vertical, showing no degeneracy). The changing of the correlations from negative to positive is one of the main results of this work.
Lastly, in order to provide the obtained results in a more transparent way, in Fig. 11 we provide the whisker plot for the equation-of-state parameter at present, namely w 0 , for all the examined cases of the generalized CPL parametrization. As we observe, although the constraints for all data combinations behave in a stable way, the increase in z p pushes w 0 towards the phantom regime.
Whisker plot for the present value of the equation-of-state parameter, w0, for all the examined cases of the generalized CPL parametrization (7) . Here, CBR = CMB+BAO+RSD, CBH = CMB+BAO+HST, and CBRWJCH = CMB+BAO+RSD+WL+JLA+CC+HST.
VI. CONCLUDING REMARKS
Dynamical dark energy parametrizations are an effective approach to understand the evolution of the universe, without needing to know the microphysical origin of the dark-energy and whether it corresponds to new fields or to gravitational modification. Hence, a large number of such dark-energy equation-of-state parametrizations have been introduced in the literature, with the Chevallier-Polarski-Linder (CPL) being one of the most studied.
Nevertheless, in most of the above parametrizations one considers the "pivoting redshift" z p to correspond to zero, namely the point at which the dark-energy equation-of-state is most tightly constrained to correspond to the current universe. However, in the case of two-parameter models, due to possible rotational correlations between the two parameters, in principle one could avoid setting the pivoting redshift to zero straightaway, handling it as a free parameter.
In the present work we investigated the observational constraints on such a generalized CPL parametrization, namely incorporating the pivoting redshift as an extra parameter, assuming it to be either fixed or free. For this shake we used various data combinations from cosmic microwave background (CMB), baryon acoustic oscillations (BAO), redshift space distortion (RSD), weak lensing (WL), joint light curve analysis (JLA), cosmic chronometers (CC), and we additionally included a Gaussian prior on the Hubble constant value. We considered two different cases, namely one in which z p is handled as a free parameter, and one in which it is fixed to a specific value. For the later case we considered various values of z p ∈ [0, 1], in order to examine how the fixed z p value affects the results.
For the case of free z p , we found that for all data combinations it always remains unconstrained, and there is a degeneracy with the current value of the dark energy equation of state w 0 (see Fig. 2 ). On the other hand, in the case where z p is fixed we did not find any degeneracy in the parameter space, as expected. In particular, the mean values of w 0 lie always in the phantom regime, and for higher values of z p (0.25, 0.35, 0.5, 1), w 0 < −1 at more than 1σ while for lower values of z p (z p = 0, 0.05, 0.15) the quintessence regime is also allowed at 1σ.
The inclusion of any external data set to sole CMB data, such as BAO+RSD, BAO+HST, and BAO+RSD+WL+JLA+CC+HST, significantly improves the CMB constraints by reducing the error bars on the various quantities. For instance, irrespectively of the different fixed z p values, the CMB data always return high values for the present Hubble constant H 0 with large error bars, which both decrease for the combined data cases.
Concerning the constraints on w 0 , for the CMB+BAO+RSD dataset we saw that they depend on the values of z p . In particular, for low z p (z p = 0.05, 0.15, 0.25, 0.35, 0.5) the mean values of w 0 are always quintessential, while for z p = 1 the mean value of w 0 lies in the phantom regime. Nevertheless, a common characteristic is that for all z p values w 0 > −1 is allowed within 68% CL (note that for z p = 0.05, 0.15, 0.25, 0.35 within 68% CL w 0 is strictly greater than −1). Furthermore, for the CMB+BAO+HST dataset we saw that the obtained w 0 -values for different z p are in better agreement with the cosmological constant. Additionally, for the last full combination of CMB+BAO+RSD+WL+JLA+CC+HST, we also found that w 0 is consistent with the cosmological constant, independently of the z p values. As expected, compared to all the analyses performed in this work, the cosmological constraints obtained for the full data combination, namely CMB+BAO+RSD+WL+JLA+CC+HST, are much more stringent, as it was summarized in the whisker plot of Fig. 11 .
Finally, in the above analysis we were able to reveal a correlation between the parameters w 0 and w a for different z p (see Fig. 10 ). In particular, we found that with increasing z p the correlations between w 0 and w a change from negative to positive (the direction of degeneracy is rotating from negative to positive), and for the case z p = 0.35, w 0 and w a are uncorrelated. This is one of the main results of the present work, and indeed it justifies why a non-zero pivoting redshift should be taken into account.
